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Abstract
We study a possibility of Lagrangian formulation for free higher spin bosonic totally
symmetric tensor field on the background manifold characterizing by the arbitrary metric,
vector and third rank tensor fields in framework of BRST approach. Assuming existence
of massless and flat limits in the Lagrangian and using the most general form of the
operators of constraints we show that the algebra generated by these operators will be
closed only for constant curvature space with no nontrivial coupling to the third rank
tensor and the strength of the vector fields. This result finally proves that the consistent
Lagrangian formulation at the conditions under consideration is possible only in constant
curvature Riemann space.
Lagrangian formulation of interacting higher spin field theory is a fundamental unsolved
problem of classical field theory during long time (see e.g. the reviews [1]). The essence of
the problem is that any naive (e.g. minimal) including the interaction to free higher spin field
Lagrangian violates consistency of the equations of motion (see the various aspects of the in-
consistency in [2, 3, 4]). One of the partial aspects of the generic problem is a Lagrangian
formulation for higher spin fields coupled to external background. At present, all known con-
sistent Lagrangian formulations are constructed only on space of constant curvature without
any other external fields. Then a natural question arises if there exist the other background
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fields admitting the consistent Lagrangian formulation for higher spin fields. For example, if to
accept that the massive higher spin fields have the superstring origin, the evident background
in bosonic sector is formed by the fields from massless string spectrum what corresponds in
sigma-model approach [5] to manifold endowed with Riemann metric and additional external
scalar (dilaton), vector and totally antisymmetric third rank tensor field which can be asso-
ciated with torsion. In principle one can hope that the consistent Lagrangian formulation of
higher spin fields coupled to background fields actually exists under some equations linking all
the background fields.
In this note we consider the free massive higher spin bosonic field theory coupled to exter-
nal metric, vector field and arbitrary third rank tensor field and assume that the Lagrangian
contains no inverse mass terms. At these conditions we prove that the only manifold admit-
ting the consistent Lagrangian formulation is constant curvature space with vanishing scalar,
vector and third rank tensor external fields. The proof is based on generic BRST formulation
of higher spin field theory (see the various use of BRST formalism in higher spin field theory
in [6, 7, 8, 9, 10, 11] which allows efficiently to study the bosonic and fermionic, massless and
massive higher spin fields, to take into account a gauge structure of the theory and to work
with tensor fields of various symmetry of indices.
The BRST approach to Lagrangian construction for higher spin fields, which is developed
in our papers, is realized as follows. The mass-shell equation and subsidiary conditions are
treated as a part of the first class constraints of some unknown yet gauge theory. The new
constraints are added to initial ones to form a complete set of first class constraints. All the
constraints are formulated as the operators acting in auxiliary Fock space and it is assumed
that the algebra of the constraints in terms of commutators is closed. Taking into account
these constraints one can construct the Hermitian nilpotent BRST-BFV operator Q [12] and
find higher spin field Lagrangian in terms of the Q. Nilpotency of the Q guarantees a gauge
invariance of the corresponding action. As a result we get the higher spin field Lagrangian
which automatically contains all the auxiliary fields. Such an approach has been completely
realized in d-dimensional flat and AdS spaces and its different aspects have been studied in
[6, 7, 8, 10]. The essential basic element of such approach was closure of the algebra of operator
constraints.
To realize this approach for the fields on some background first of all we should find the
corresponding mass-shell and subsidiary conditions. For bosonic fields in flat space they are
Klein-Gordon equation and the conditions for the fields to be divergence free and traceless (see
e.g. [13])
(∂2 −m2)ϕµ1...µs = 0, ∂
µ1ϕµ1...µs = 0, η
µ1µ2ϕµ1µ2...µs = 0. (1)
In case of fields on a background all the conditions (1) should be deformed by the proper
way. For the bosonic fields in AdS space such deformations has been constructed in [8]. It
is interesting to point out that in the case of fields in AdS space the corresponding closed
algebra of constraints belongs to class of quadratic non-linear algebra and finding the nilpotent
BRST operator is a very nontrivial problem (see e.g. [14]). In the case under consideration
we should construct a deformation of the constraints (1), realizing all the conditions as the
operator constraints and find the restrictions on the background when their algebra will be
closed.
We assume that a manifold under consideration is endowed with metric gµν , the background
vector Aµ and third rank tensor Kµνα field with no index symmetry, so that the torsion tensor
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is a particular case of Kµνα tensor. The covariant derivatives are constructed with the use of
Christoffel symbols Γαµν =
1
2
gαβ(∂µgβν + ∂νgµβ − ∂βgµν).
Introduce the auxiliary Fock space generated by bosonic creation and annihilation operators
with tangent space indices (a, b = 0, 1, . . . , d− 1)
[aa, a
+
b ] = ηab, ηab = diag(−,+, . . . ,+). (2)
An arbitrary vector in this Fock space has the form
|ϕ〉 =
∞∑
s=0
ϕa1... as(x) a
+a1 . . . a+as |0〉 =
∞∑
s=0
ϕµ1... µs(x) a
+µ1 . . . a+µs |0〉 ≡
∞∑
s=0
|ϕs〉, (3)
where a+µ(x) = eµa(x)a
+a, aµ(x) = eµa(x)a
a, with eµa(x) being the vielbein. It is evident that
[aµ, a
+
ν ] = gµν . We also suppose the standard relation ∇µe
a
ν = ∂µe
a
ν − Γ
α
νµe
a
α + ωµ
a
be
b
ν = 0,
where ωµ
a
b is the spin connection.
Then one introduces derivative operator
Dµ = ∂µ + ω
ab
µ a
+
a ab, Dµ|0〉 = 0 (4)
which acts on states of the Fock space (3) as the covariant derivative
Dµ|ϕs〉 = (∇µϕµ1... µs) a
+µ1 . . . a+µs |0〉 (5)
and tries to realize the generalization of equations (1) in the operator form
l0|ϕs〉 = l1|ϕs〉 = l2|ϕs〉 = 0 (6)
where operators l0, l1, l2 corresponding to Klein-Gordon, divergence free and traceless equations
respectively.
The procedure of Lagrangian construction based on the BRST method looks as follows.
For the Lagrangian be a real function the BRST operator used for its construction must be
a Hermitian operator. It assumes that the set of operators underlying the BRST operator
must be invariant under Hermitian conjugation. To have such a set of operators we add to
constraints l0, l1, l2 their Hermitian conjugated operators l
+
1 , l
+
2 with l0 being assumed to be
self-conjugated. Then for constructing the BRST operator the underlying set of operators
must form an algebra. To get the algebra we must add to operators l0, l1, l2, l
+
1 , l
+
2 some
more operators providing closing the algebra. But if we want to construct with the help of
the obtained algebra Lagrangian for spin-s field, then this algebra must be a deformation of
the algebra in Minkowski or in AdS [8] space. Thus we can add only two operators which are
generalization of operators
g0 = a
+
µ a
µ + d
2
, gm = m
2 + const (7)
to the case of curved space. Since operator g0 is dimensionless and we do not consider terms
with inverse powers of the mass then it is impossible to deform operator g0 by terms with the
curvature or with the background fields.1 Therefore operator g0 keeps the same form (7) as in
the flat case. As for possible generalization of operator gm we postpone this question. Thus we
1We adopt that the backgound fields have mass dimension one like the torsion.
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came to the conclusion that in order to be possible to construct Lagrangian with the help of
the BRST method we must find explicit expressions for the operators
l0, l1, l
+
1 , l2, l
+
2 , g0, gm (8)
so that they form an algebra.2 If we find algebra different from the AdS case, then it means
that there is a hope to construct Lagrangian in space different from AdS.
We will deform the operators by introducing background fields. We explore the case when
the background fields are vector and third rank tensor with dimension of mass. Note that any
third rank tensor can be decomposed into totally symmetric S(µνσ), totally antisymmetric A[µνσ]
tensors, and tensors with mixed symmetry of the indices (see e.g. [15]). We consider the case
of the decomposition when the mixed symmetry tensors have the following symmetry of the
indices
Mµνσ = −M[νµ]σ , M[µνσ] = 0 . (9)
In addition we adopt that all the background tensors are traceless, absorbing their traces into
vector field Vµ.
Let us discuss possible form of the operators. First, the dimensionless operators
l2 =
1
2
aµaµ , l
+
2 =
1
2
a+µ a
µ+ , g0 = a
+
µ a
µ + d
2
(10)
can’t be modified by the background fields if we don’t take into account the mass in the inverse
powers.
Next let us consider operator l1 responsible for the physical field to be divergence free.
Since this operator has mass dimension one then the background fields are introduced linearly
in l1. Also we note that in the terms with the background fields the creation and annihilation
operators, if they not contracted with the background fields, are contracted with each other
and these contractions can be expressed through the operators l2, l
+
2 , g0 (10). Therefore the
most general expression for the operator l1 is
l1 = a
µDµ +
∞∑
k,m=0
αkm Vµa
µ (l+2 )
m gk0 l
m
2 +
∞∑
k,m=0
ωkm Vµa
+µ (l+2 )
m gk0 l
m+1
2
+
∞∑
k,m=0
βkm M[µν]σa
+µaνaσ (l+2 )
m gk0 l
m
2 +
∞∑
k,m=0
σkm M[µν]σa
+νa+σaµ (l+2 )
m gk0 l
m+1
2
+
∞∑
k,m=0
ǫkm S(µνσ)a
+µa+νa+σ (l+2 )
m gk0 l
m+2
2 +
∞∑
k,m=0
ζkm S(µνσ)a
+µa+νaσ (l+2 )
m gk0 l
m+1
2
+
∞∑
k,m=0
γkm S(µνσ)a
+µaνaσ (l+2 )
m gk0 l
m
2 +
∞∑
k,m=0
θkm S(µνσ)a
µaνaσ (l+2 )
m+1 gk0 l
m
2 (11)
with arbitrary coefficients αkm, βkm, γkm, ωkm, σkm, ǫkm, ζkm, θkm. The totally antisymmetric
tensor A[µνσ] cannot be introduced into l1 since any its contraction with creation and annihila-
tion operators gives zero. But it should be noted that in case we considered the dynamics of a
2It should be note that in general case, operators l0, l1, l2 may not coincide with that given in (6). We
demand here only that operators (8) have the proper free limit. The consistent conditions on the field (6) will
be followed from the BRST construction.
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field with mixed symmetry of the indices in the background fields then the totally antisymmetric
field A[µνσ] could be introduced into l1.
Taking Hermitian conjugation (11) and moving operators l+2 , g0, l2 to the right we obtain
expression for the operator l+1
l+1 = −a
+µDµ +
∞∑
k,m=0
α′km Vµa
+µ (l+2 )
m gk0 l
m
2 +
∞∑
k,m=0
ω′km Vµa
µ (l+2 )
m+1 gk0 l
m
2
+
∞∑
k,m=0
β ′km M[µν]σa
+νa+σaµ (l+2 )
m gk0 l
m
2 +
∞∑
k,m=0
σ′km M[µν]σa
+µaνaσ (l+2 )
m+1 gk0 l
m
2
+
∞∑
k,m=0
ǫ′km S(µνσ)a
µaνaσ (l+2 )
m+2 gk0 l
m
2 +
∞∑
k,m=0
ζ ′km S(µνσ)a
+µaνaσ (l+2 )
m+1 gk0 l
m
2
+
∞∑
k,m=0
γ′km S(µνσ)a
+µa+νaσ (l+2 )
m gk0 l
m
2
+
∞∑
k,m=0
θ′km S(µνσ)a
+µa+νa+σ (l+2 )
m gk0 l
m+1
2 (12)
where the primed coefficients can be expressed through non-primed ones and vice versa. More-
over the dependent and independent coefficients can be chosen in a variety of ways, choosing
as independent coefficients partially both primed and non-primed coefficients. Note that the
terms containing at least one of the operators l+2 , g0, l2 don’t influence on closing the algebra
(and as a consequence on the background geometry) and this fact we denote as follows
l1 ≈ a
µDµ + α00 Vµa
µ + β00 M[µν]σa
+µaνaσ + γ00 S(µνσ)a
+µaνaσ (13)
l+1 ≈ −a
+µDµ + α
′
00 Vµa
+µ + β ′00 M[µν]σa
+νa+σaµ + γ′00 S(µνσ)a
+µa+νaσ (14)
where ≈ means “up to terms proportional to operators l+2 , g0, l2”. Also we note that α00, α
′
00,
β00, β
′
00, γ00, γ
′
00 can be considered as independent of each other.
Let us consider commutators
[ l1, l2] ≈ γ00 S(µνσ)a
µaνaσ , [ l+1 , l
+
2 ] ≈ γ
′
00 S(µνσ)a
+µa+νa+σ . (15)
We see that to close the algebra we must demand γ00 = γ
′
00 = 0. This means that the totally
symmetric tensor S(µνσ) cannot influence on the background geometry.
Next we consider commutators
[ l1, l
+
2 ] ≈ a
+µDµ + α00 Vµa
+µ − β00 M[µν]σa
+νa+σaµ
≈ −l+1 + (α00 + α
′
00) Vµa
+µ + (β ′00 − β00) M[µν]σa
+νa+σaµ , (16)
[l+1 , l2] ≈ l1 − (α00 + α
′
00) Vµa
µ + (β ′00 − β00)M[µν]σa
+µaνaσ , (17)
and for their closing it is necessary to put α′00 = −α00 and β
′
00 = β00. Thus operators l1 and l
+
1
will take the form
l1 ≈ a
µDµ + α00Vµa
µ + β00M[µν]σa
+µaνaσ (18)
l+1 ≈ −a
+µDµ − α00Vµa
+µ + β00M[µν]σa
+νa+σaµ (19)
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Let us now consider commutator
[l+1 , l1] ∼ D
2 + P µασa+µ aαDσ + 2α00V
σDσ +W
µναβa+µ a
+
ν aαaβ +K
µαa+µ aα + Z , (20)
where
D2 = gµν(DµDν − Γ
σ
µνDσ) , (21)
P µασ = 2β00(M
µ(ασ) −Mα(µσ)) = −P αµσ , (22)
Wµναβ = Rµαβν − β00
[
∇(βMα)µν +∇(µMν)αβ
]
+ β200
[
Mτ(µν)M
τ
(αβ) − 4Mα(τµ)Mν(β
τ)
]
, (23)
Kµα = Rµα − 2β00∇
σMα(µσ) − 2β
2
00Mµ(ρτ)Mα
ρτ
+ α00(∇αVµ −∇µVα) + 2α00β00(Mµ(ασ) −Mα(µσ))V
σ , (24)
Z = α200VµV
µ + α00∇µV
µ (25)
and ∼ means “up to terms proportional to operators l1, l
+
1 , l2, l
+
2 , g0”. In order to have a closed
algebra we have to suppose that the right hand side of (20) be proportional to operators of the
algebra (8). For example we may define operators l0 and gm as follows
l0 ∼ D
2 −m2 + P µασa+µ aαDσ + 2α00V
σDσ +W
µναβa+µ a
+
ν aαaβ +K
µαa+µ aα + Z , (26)
gm = m
2 . (27)
Let us turn to the commutator [l+1 , l0] and consider terms with two derivative operators.
One has
[l+1 , l0] ∼ P
α(µσ)a+αD(µDσ) + . . . (28)
Demanding that this commutator be proportional to operators (8) and since we are working
with traceless fields, then one has to suppose
P α(µσ) = 0. (29)
If β00 6= 0, then taking into account first (22) and then (9) we come to the conclusion that
Mµνσ =M[µνσ] = 0. To avoid Mµνσ = 0 we will adopt less strong condition that β00 = 0. In any
case this means that the background field M[µν]σ cannot influence on the background geometry.
Now commutator [l+1 , l0] takes the form
[l+1 , l0] ∼ 4a
+µa+νaαRσµναDσ + (2R
µσ + 3α00F
σµ)a+µDσ − Rµαβν;σa
µ+aν+aσ+aαaβ
+ (4α00R
σ
µναVσ − Rµν;α + α00∇µFνα)a
+µaν+aα
+ a+µα00
[
3α00FσµV
σ +∇νFνµ + 2V
σRσµ
]
, (30)
where Fµν = ∇µVν−∇νVµ. We see that commutator (30) does not proportional to the operators
(8) if the curvature and the background vector field Vµ are arbitrary. To find conditions on
the curvature and Vµ which are necessary for closing the algebra we decompose the Riemann
tensor into irreducible parts
Rµναβ = Cµναβ +
1
d− 2
(
R˜µαgνβ + R˜νβgµα − R˜µβgνα − R˜ναgµβ
)
+
R
d(d− 1)
(gµαgνβ − gµβgνα), (31)
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where Cµναβ is the Weyl tensor, R˜µν = Rµν −
1
d
gµνR is the traceless part of the Ricci tensor,
and substitute this decomposition into (30)
[l+1 , l0] ∼ 4a
+µa+νaαCσµναDσ + 3α00F
σµa+µDσ − Cµαβν;σa
µ+aν+aσ+aαaβ
+
[
α004C
σ
µναVσ + R˜µα;ν − R˜µν;α + α00∇µFνα
]
a+µaν+aα
+ a+µ
[
3α200FσµV
σ + α00∇
σFσµ −
(d− 2)(d− 4)
4d(d− 1)
∇µR
]
. (32)
From first term of r.h.s. of (32) we find that it is necessary to suppose
Cµ(αβ)ν = 0 , α00Fµν = α00(∇µVν −∇νVµ) = 0 . (33)
The left condition in (33) together with the index symmetry of the Weyl tensor tells us that
the Weyl tensor is completely antisymmetric Cµαβν = C[µαβν], and due to the Bianchi identity
Cµ[αβν] = 0 it equals to zero. To satisfy the right condition in (33) we can put α00 = 0 or
Fµν = 0, after that field Vµ disappears in the r.h.s. (32). In particular, if the coefficient
α00 is somehow fixed, e.g. the vector field enters the constraints through the U(1) covariant
derivative, ones get immediately that Fµν = 0. This means in general that under the above
assumptions the vector field Vµ does not influence on closing the algebra and as a consequence
on the background geometry.
Next, from the second line of (32) we find
R˜α(µ;ν) = R˜µν;α (34)
where we have used (33). Contracting indices µ and ν in (34) and using the Bianchi identity
one gets
∇µR = 0 ⇒ R = const. (35)
As a result, the background geometry must be a constant curvature space-time.
Thus we have shown that in the higher spin field theory the background vector and third
rank tensor cannot have influence on the geometry of the space which must be only a constant
curvature one.
Let us consider the case when the background fields are introduced into the operators being
multiplied on some operators of the algebra, like, for example, they are introduced in the
operator l1 (11), except the terms with coefficients α00, β00, γ00. In this case we expect that the
background fields will make no effects, at least on the physical field, the same as in quantization
of gauge theories a redefinition of constraints by terms proportional to constraints have no effect
on the physical states. In case of higher spin theory we illustrate this on a simplified example.
Let the operators have the following form
l0 = ∂
2 −m2 + α1g0 + α2g
2
0 (36)
l1 = a
α∂α l
+
1 = −a
+µ∂µ gm = m
2 (37)
l2 =
1
2
aµa
µ l+2 =
1
2
a+µ a
+µ g0 = a
+
µ a
µ + d
2
(38)
where α1 and α2 are some combinations of the background fields with the dimension of mass
squared. Since α1 and α2 are multiplied on operator of the algebra, then the algebra is closed
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at any α1 and α2. To simplify the subsequent calculations we adopt α1 and α2 are constants.
At first glance it seems that the mass shell equation which we will reproduce using the BRST
method must will be l0|Φ〉 = 0, but as we shall show it will turn out to be (∂
2 −m2)|Φ〉 = 0,
thus removing all the dependence on α’s (this is what we mean in footnote 2 at page 4). In case
of constant α’s the algebra of operators (36)–(38) has the following non-vanishing commutators
[l+1 , l1] = l0 + gm − α1g0 − α2g
2
0, (39)
[l0, l1] = −2α2g0l1 − (α1 + α2)l1, [l
+
2 , l1] = l
+
1 , (40)
[l0, l
+
1 ] = 2α2l
+
1 g0 + (α1 + α2)l
+
1 , [l
+
1 , l2] = l1, (41)
[l0, l2] = −4α2g0l2 − (2α1 + 4α2)l2, [l2, l
+
2 ] = g0, (42)
[l0, l
+
2 ] = 4α2l
+
2 g0 + (2α1 + 4α2)l
+
2 , [g0, l
±
k ] = ±klk. (43)
According to the BRST method of Lagrangian construction (see e.g. [8]) since among the
operators (36)–(38) there are operators g0, gm which are not constrains neither in the space
of bra vectors nor in the space of ket vectors then we must construct extended expressions for
the operators oi → Oi = oi + o
′
i where o
′
i are additional parts to the initial operators oi =
{l0, l1, l
+
1 l2, l
+
2 , g0, gm} (36)–(38). These additional parts are constructed from new (additional)
creation and annihilation operators and commute with the initial operators [oi, o
′
j] = 0. The
extended expressions for the operators must satisfy two conditions: 1) they must form an
algebra [Oi, Oj] ∼ Ok; 2) the operators which are not constraints g0, gm must be zero or
contain linearly arbitrary parameters which value will be defined later from the condition of
reproducing desired equations of motion.
Using the method elaborated in [8] we find algebras of the additional parts
[l′1, l
′+
1 ] = −l
′
0 − g
′
m + α1g
′
0 − α2g
′2
0 , (44)
[l′1, l
′
0] = −2α2g
′
0l
′
1 + (α1 − α2)l
′
1, [l
′+
2 , l
′
1] = l
′+
1 , (45)
[l′0, l
+′
1 ] = −2α2l
+′
1 g
′
0 + (α1 − α2)l
+′
1 , [l
′
1+, l
′
2] = l
′
1, (46)
[l′2, l
′
0] = −4α2g
′
0l
′
2 + (2α1 − 4α2)l
′
2, [l
′
2, l
′+
2 ] = g
′
0, (47)
[l′0, l
+′
2 ] = −4α2l
+′
2 g
′
0 + (2α1 − 4α2)l
+′
2 , [g
′
0, l
′±
k ] = ±kl
′±
k (48)
and of the extended operators
[L+1 , L1] = L0 +Gm − α1G0 − α2G
2
0 + 2α2g
′
0G0 (49)
[L1, L0] = α2(G0L1 + L1G0) + α1L1 − 2α2g
′
0L1 − 2α2l
′
1G0, [L
+
2 , L1] = L
+
1 , (50)
[L0, L
+
1 ] = α2(L
+
1 G0 +G0L
+
1 ) + α1L
+
1 − 2α2g
′
0L
+
1 − 2α2l
′+
1 G0, [L
+
1 , L2] = L1, (51)
[L2, L0] = 2α2(G0L2 + L2G0) + 2α1L2 − 4α2g
′
0L2 − 4α2l
′
2G0, [L2, L
+
2 ] = G0, (52)
[L0, L
+
2 ] = 2(L
+
2 G0 +G0L
+
1 ) + 2α1L
+
2 − 4α2g
′
0L
+
2 − 4α2l
+′
2 G0, [G0, L
±
k ] = ±kL
±
k . (53)
In RHS of (49)–(53) we choose symmetric odering of the extended operators. There is a method
allowing to construct explicit form of operators in terms of creation and annihilation operators
on the base of their algebra, see e.g. [8] and references therein. But for our purpose we need
no any explicit realization of the additional parts, except only one observation
l′0 = α1g
′
0 − α2g
′2
0 . (54)
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The BRST operator constructed on the base of the algebra of the extended operators is
Q˜ = η0L0 + η
+
1 L1 + η1L
+
1 + η
+
2 L2 + η2L
+
2 + ηGG0 + ηMGm + η
+
1 η1(P0 + PM )
+ (ηGη
+
1 + η
+
2 η1)P1 + (η1ηG + η
+
1 η2)P
+
1 + 2ηGη
+
2 P2 + 2η2ηGP
+
2
− η+2 η2PG − η
+
1 η1
[
α1 + α2(G0 − 2g
′
0)
]
PG
+ α2η0
[
η+1 (L1 − 2l
′
1)− η1(L
+
1 − 2l
+′
1 ) + 2η
+
2 (L2 − 2l
′
2)− 2η2(L
+
2 − 2l
+′
2 )
]
PG
+ η0
[
α1 + α2(G0 − 2g
′
0)
](
η+1 P1 − η1P
+
1 + 2η
+
2 P2 − 2η2P
+
2
)
, (55)
Next step of Lagrangian construction is determination of the arbitrary parameters which
must be contained linearly in the additional parts g′0 and g
′
m. For this we decompose the BRST
operator extracting its dependence on ghosts ηG, PG, ηM , PM , corresponding to these operators,
Q˜ = Q+ ηGG˜0 + ηMGM + η
+
1 η1PM + BPG (56)
where
Q = η0L0 + η
+
1 L1 + η1L
+
1 + η
+
2 L2 + η2L
+
2 + η
+
1 η1P0 + η
+
2 η1P1 + η
+
1 η2P
+
1
+ η0
[
α1 + α2(G0 − 2g
′
0)
](
η+1 P1 − η1P
+
1 + 2η
+
2 P2 − 2η2P
+
2
)
, (57)
G˜0 = G0 + η
+
1 P1 − η1P
+
1 + 2η
+
2 P2 − 2η2P
+
2 , (58)
(explicit expression for B is not essential) and suppose that the state vector |Ψ〉 in the extended
space including ghosts does not depend on ghosts ηG and ηM , PG|Ψ〉 = PM |Ψ〉 = 0. As a result
the equation defining physical states Q˜|Ψ〉 = 0 is decomposed into three equations
Q|Ψ〉 = 0, G˜0|Ψ〉 = 0, GM |Ψ〉 = 0. (59)
Two right equations in (59) are used for determination of the arbitrary constants in g′0 and
g′m and the left equation in (59) is the equation on physical states. Note that using (54) and
L0 = l0 + l
′
0 where l0 is given by (36) operator Q (57) can be rewritten as
Q = η0
[
∂2 −m2 + α1G˜0 + α2(G0 − 2g
′
0)G˜0
]
+ η+1 L1 + η1L
+
1 + η
+
2 L2 + η2L
+
2 + η
+
1 η1P0 + η
+
2 η1P1 + η
+
1 η2P
+
1 (60)
and due to the middle equation in (59) all the effects of the “constant background fields” α1
and α2 disappear and we get the model of free higher spin field in Minkowski space.
To summarize, we have developed the BRST approach to Lagrangian construction for
bosonic totally symmetric higher spin field in external gravitational, vector and third rank
tensor fields. Assuming that interaction with external fields has massless and flat space limits
we prove that the consistent formulation is possible only in constant curvature space with no
nontrivial coupling to the third rank tensor and the strength of the vector fields. One can
expect that analogous situation will take place for higher spin fermionic fields and for any de-
formation of constant curvature space by more general background tensor fields. However, the
above result does not concern the field models with spins 3
2
and 2 where the BRST construction
has the specific possibilities [9] and allows the consistent Lagrangian formulation in Einstein
9
spaces. Thus, the further development of Lagrangian construction for free higher spin fields
interacting with external fields is related to search for interaction Lagrangians which contain
the inverse mass terms. Some approaches to such Lagrangians are given in refs. [3, 4]. Also, it
would be interesting to study the consistency conditions for for recently formulated conformal
higher spin fields [16] if to couple them to external fields.
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